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1. Introduction and definitions 

Holomorphic generalized functions are defined as the solutions to dzfi = 
0, i = where G is an element of a generalized function algebra 

g{Q),Vt C CP (see [3], 0], [5], [II], [H] and [S] for the definition and 
the properties for generalized function algebra). Recall, elements of this 
algebra are classes of equivalences of nets of smooth functions with respect 
to an ideal N{Q) which consists of nets (rie)^ converging to zero, on com- 
pact sets, faster than any positive power of e as e ^ 0. So, dG = means 
BG^ = 0{£°') on compact sets of Vt, for any a > 0. Thus, various properties 
for such generalized functions have became interesting and important. The 
algebra Qh{^)-,^ C C^, of holomorphic generalized functions is introduced 
and studied in [3], [I], [6] and [7] while in [22] is proved the existence of a 
global holomorphic representative (any member of a representative is holo- 
morphic) for an / G Qh{^),^ C C. Moreover, in [H] is shown (in the one 
dimensional case) that a holomorphic generalized function equals zero if it 
is equal to zero at every classical point. 

In this paper we are interested in the class of real analytic generalized 
functions Qa{u}), uj is open in M*^, in order to study generalized analytic 
microlocal regularity of generalized functions. 

We give in Section 2 a representation of an arbitrary generalized function 
/ £ ^(w), w is open in M'^, as a boundary value on / CC w of a corresponding 
holomorphic generalized function [(-Fe)e] on / x (— l/r/, l/??)'^ which means 
{dziFe)e G N{I X {-l/r],l/r]Y),i = l,...,d. Further, in the case d = 1 
we give a global real analytic representative of a real analytic generalized 
function. Then we define analytic singular support of a generalized function. 
Also in Section 2 we prove that a generalized real analytic function equals 
zero if it is equal to zero at every classical point of a subset of uj of positive 
measure by proving the same result for a holomorphic generalized function 
in an open set of (see |16j for the case p = 1). Generalized analytic wave 
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front of / G Gi^^) is introduced in Section 3 (see [Hj, [8], [9], [lO] and [E] 
for the local and microlocal ^°°-properties of Colombeau-type generalized 
functions). It is proved, for a distribution, that its wave front coincides with 
the generalized wave front of the embedded distribution in G{uj). Actually 
we prove a stronger result, the strong associativity of a distribution and a 
generalized function is necessary and sufficient condition for the equality of 
their analytic wave fronts. Section 4 is devoted to the comparison of the 
notions of S-analyticity in the sense of [2] and the analyticity of this paper. 

1.1. Definitions. We recall the main definitions ([5], [H], [H], [20]). Let 

ijj be an open set in and £{uj) be the space of smooth functions with 
the sequence of seminorms iJ,iy{4>) = sup{\(p^"\x)\; a <v,x& K^}, v G No, 
where {Kv)v is an increasing sequence of compact sets exhausting cu. Then 
the set of moderate nets EMiy')^ respectively of null nets AA(cj), consists of 
nets {^fs)s G <?(w)^'^'^^ with the properties 

(Vn G N) (3a G M) (/u„(/,) = ©(e'^)), 

respectively, (Vn G N) (V6 G M) (/u„(/e) = 0{e^)) 

(O is the Landau symbol "big O"). Both spaces are algebras and the latter 
is an ideal of the former. Putting Vn{r^ = sup{a; finite) = 0{e°')} and 
en((r£)e, (se)^) = exp(-t!„(rj - s^)), n G N, we obtain (e„)„, a sequence 
of ultra-pseudometrics on £m{^) defining the ultra-metric topology (sharp 
topology) on G^lo). The simplified Colombeau algebra G{uj) is defined as 
the quotient G{io) = £m{uj)/N'{uj). This is also a differential algebra. If 
the nets {fe)e consist of constant functions on uj (i.e. the seminorms /u„ 
reduce to the absolute value), then one obtains the corresponding spaces 
of nets of complex (or real) numbers £m and A/q. They are algebras, A/q 
is an ideal in £_m and, as a quotient, one obtains the Colombeau algebra 
of generalized complex numbers C = £m/-^o (or M). It is a ring, not a 
field. The sharp topology in C is defined as above. Note, a ball B{xo,r), 
where xq = [{xo^e)e] G C and r > 0, in the sharp topology is given by 
Bixo,r) = {[{xe)e]; \xo,e " = 0{e-'n}- 

Recall ([H]), uiM is the set of nets (xe)^ G ljC^'-'^) with the property jx^l = 
0{e~"') for some a > and the relation of equivalence is introduced by 

{xs)e ~ iye)e iff l^e - Uel = ©(e") for every a > 0. 

The corresponding classes of equivalence determine oj, and uic denotes its 
subset consisting of the classes of equivalence with the compactly supported 
representatives; {xs)e is compactly supported by CC w if G for e < 
Eq. The ultrametric in a) defined in the same way as in the one dimensional 
case for C. Note C = C (t = M). 

The embedding of Schwartz distributions in £'{io) is realized through the 
sheaf homomorphism £'{u>) B f ^ [{f * (pe\ui)e] ^ G{^)^ where the fixed net 
of mollifiers (</<e)e is defined by 4>£ = e~'^4>{-/e), e < 1, where cj) ^ 5(M'^) 
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satisfies 

j (f>{t)dt = 1> y t'^<P{t)dt = 0,m E NJJ, \m\ > 0. 

(j.m ^ t™i...tmn and \m\ = mi + ... + rUn). £'{uj) is embedded into Gd^) 
of compactly supported generalized functions and the sheaf homomorphism, 
extended onto V, gives the embedding of V'iuj) into Q{u}). 

Generalized algebra Qc{^) consists of elements in Q{oj) which are com- 
pactly supported while ^°°(u;) is defined in pjj as the quotient <5^(u;)/AA(t(;), 
where £^{uj) consists of nets (/e)e G £{oj)^'^'^^ with the property 

(Vi^ CC cu)(3a e M)(Vn e sup = 0(e")), 

Note that Q°° is a subsheaf of Q. 

If is an open set of = M^^ then a generalized function / G ^(il) is a 
holomorphic generalized function, if dz^f = 0, i = 1, i.e. for any 

representative {fe)e of /, l/2{dx^_+ idy^)fe{x,y) G AA(ri), z = 1, ...,p. In the 
sequel, we will write 9/ = for 9^./ = 0, i = 1, It is proved in [3| that 
for every open bounded set of CC there exists a representative {fe)e 
oi f 'm.W such that is holomorphic in W for every e < 1. By the sheaf 
property of ^, one obtains that Qh{^) is a sheaf. It is a subsheaf of 

2. Real analytic generalized functions 

Definition 1. Let oj denote an open set in and xq be a point of liJ. A 
function g G ^(w) is said to be real analytic at xq if there exist an open ball 
B = B{xo,r) C u) containing xq and {ge)e G £m{B) such that 

« f\B=[{g,),]inG{B); 

(ii) (3r/>0)(3a>0)(3eo G (0,1)) 

sup \gi''\x)\ < ^?l°l+la!e-^ < e < eo, a G N'^. 

It is said that g is real analytic in lij if 51 is real analytic at each point 
of CO. The space of all generalized functions which are real analytic in uj is 
denoted by Ga{^)- 

The analytic singular support, singsupp g^g, is the complement of the set 
of points X £ UJ where g is real analytic. 

It follows from the definition that Qa is a subsheaf of Q. 

Using Stirling's formula it is seen that condition (ii) in Definition [1] is 
equivalent to 

(m) (3r? > 0)(3a > 0){3eo G (0, 1)) 
sup |#)(x)| < r/(7?|a|)l"le-", < e < eo, « G N^. 

The use of Taylor expansion and condition (ii) of Definition [1] imply that 
e < eo admit holomorphic extensions in a complex ball B = {z £ C^;\z — 
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xq\ < r} which is independent of e. Consequently wc get a holomorphic 
extension G of [{ge)e\ and then g\B f}W^ = G\B n W^. 

The following theorem gives a representative of a real analytic generalized 
function in a neighborhood of a point. We will use a multidimensional 
notation: 

a\ = ai!...ad!, r?" = 7]°"^ . .7]°''' , t] > 0, a= {ai,...,ad) G N'^ ; 
{iyy = {iyiy\..{iydy^,i = v^,y G R^,j = (ju-Jd) G N^; 
In the one dimensional case (with (, = ^ + ir], ^, r/ G M), 
5/(0 = 1/2(5^ - id,)f{^,v), BfiO = l/2{d^ + id,)f{^,v). 

Theorem 1. Let f G ^(w) and I GG u be an open d— interval, I = Ii x 
... X 1^. Let a denote a positive moderate function defined in (0, 1] (o'{e) < 

p{l/e),£ < 1 for som,e polynomial p) such that lim^^o = — oo. Then 
there exists tj > and £q G (0, 1) such that a net (F^)^ defined by 

F,{x,y) = #(^)(^2/)Vj!, i^.y) e /X (-1/77,1/77)', e G (0,£o 

ji<(r{e),...,jd<(T{e) 

represents a holomorphic generalized function F = [{F^)^] m/x(— 1/77, 1/r/)'^ 
such that f = -F(-,0) in I (and we say that f is the boundary value of F). 

Proof. We will use the assumption that there exist 77 > 0, eo G (0, 1) and 
a > such that 

sup |/i^)(x)| < rf+^j\e-\ < £ < £0, J G N^. 

X&I 

Take e G (0,eo) and {x,y) G I x (—1/77, I/tjY. Later, as a new condition 
on 77, we will increase 77. Let {fe)s be a representative of / in /. 

Let 771 G N, 772 < (i, J G N*^ and I G N*^ such that Ij. = for k ^ m and 
Im = 0. Let m = (0, 1, ...0) (the m-th component equals 1 and the others 
equal 0). We have 

25.^/i^')(x)(z7/)Vj! = f^'^'''\x){tyy/j\+if^^\x)tUiy^y^--\iy)'/j\ 

= (iyy/n [f^/+"H^)iiyrny-/jm\ " f^/\^)iWn.y--'/Um " 1)! 

(if jVn = 0, then the second addend does not appear). 
Let E{a{£)) := max{7z G N;7Z < a{£)}. It follows 

2 E 9U^'\^)i^yy/j'- = /i'+"^('^^^)+')™)(x)(z7/„.)^('^(^)V^(^(e))!- 
Thus, 

2d,^F,ix,y) = (iy)7n/i'+^("^^)+')^)(^)(^ym)^("(^»/£;(a(£))!. 

lk<cr{£),kj^m 

Since 

sup f(i+^(^(')+^)^){x) < r,\i\+EH^))+\l + E{a{£) + l)7n)!£-", < £ < £o 



REAL ANALYTIC GENERALIZED FUNCTIONS 5 

and (/ + E{a{e) + l)rfi)! = l\E{a{e) + 1)!, it follows that 
2\d,M^,y)\<E{a{e) + l) W'I+^W^»+ V^ly^l^^^)). 

Now we enlarge t] and assume that \yk\ < p/rj, k = 1, d, p < 1. We obtain 
2|5,^F,(:E,y)| <r?WW^»i^Ke)+l) ^ pI'L 

This gives 

2 |9,„F,(x, y)| < r?2(l - pY-''e--E{a{e) + l)p^^-^'^\ 

With this and the condition lim^^o = — oo we have that for any 5 > 
there exists ei, G (0,1) such that \dz^Fs{x,y)\ is bounded by for e < £5. 
This concludes the proof. □ 

Remark 1. Let / G ^^^(u;). We will show in Theorem [10] part b), that for 
every compactly supported generalized point xq = [(a;o,e)e] (2:0 G ^c) and 
every generalized point x = [(a;^)^] in a sharp neighborhood V of xq the 
series = [(Fj^)^], A'' G N, converges to / in the sense of sharp topology, 
where 

N 

Ff (X,) = J2 f^'\^0,s){Xe - Xo,ey/j\ {s < Sq). 

lil=o 

The existence of a global holomorphic representative of a holomorphic 
generalized function in the one dimensional case (|22j). implies the following 
theorem. 

Theorem 2. Let f G Gj\^{uj),uj C M. Then f admits a global real analytic 
representative, that is a representative {fe)e consisting of real analytic func- 
tions such that (i) and (ii) in Definition 1 is satisfied (with f^ instead of g^:) 
for all xq £ uj and B depending on xq. 

Proof. Let xq run over uj. Choosing a representative which satisfies (ii) 
in Definition [H we conclude that there exists a ball B^g = B{xo,rxQ) C uj, a 
complex ball of the same radius B{xo,rxQ) = Bxq and E^q G Qh{Bxo) (de- 
fined with the same Taylor series as fe-,£ < £0) such that f\Bxg = Exq\Bxq. 
As it is told, BxQ does not depend on s. If Bxg n Bx^ / 0, it follows that 
ExqIBxq n Bx^ = Exj^\Bxf) n Bxj^. Actually, it is a consequence of Theorem [3] 
part b) given below (or [16], what is part II quoted before Theorem [3]). 

Let {fxo,e)e and {fxi,e)e be representatives of /, (with Bx^ and Bx^ as 
in Definition [U and let x G Bxg n Bx^. Put ne{t) = fxo,eit) - fxi,e{t),t G 
BxQ n Bxj^,e G (0, 1). Since {fxo,e — /xi,e)e is a net of real analytic functions 
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in n , we have 

oo 

n,{t) = J2 n^P{x){t-xy t G 5(x,r),e G (0,eo), 
b1=o 

for some radius r > 0. Now, since sup^g^^^ = 0(£"), for every a > 0, 

it follows that there exists 77 > such that for every a > there exists C > 
and £0 £ (0, 1) such that 

\n^P{x)\ < Cifjle", j G N, e < Eq. 

Consider [(-Fxo.e ~ -^xi.e)^] in the intersection of complex balls B^^y n B^^. It 
follows that there exists an open complex ball with the center at x and of 
radius l/rj, such that [{F^q^s — -^xi.e)^] equals zero in this ball. But we know 
([22J) that in this case [{F^Q^e — -^xi.e);;] equals zero in Bx^ H B^^- 

Let = \Jx^u)Bx- Since Qh is a sheaf, and the family Fx G G{Bx),x G uj 
has the property that on the intersections of the balls elements of the family 
coincide, it follows that there is F G G{^) such that for every x G w one 
has F\Bx = Fx- Since F is holomorphic, by [22] we have that it admits a 
holomorphic representative (-Fe)e. Thus {fe)ei where fg = Felw, is a real 
analytic representative of / which satisfies (i) and (ii). □ 

Corollary 1. a) Let f G ^aC^^), w C R'^. Then for every open set uji CC uj 
there exist an open set ili C such that Qi HM.'^ = uti and a net of 
holomorphic functions (-Fe)e G £m{^i) such that Fg\uJi = fe, e £ (0, 1). 
b) If d = 1 then the assertion in a) holds globally, with instead of Vti. 

Hypothesis. 1. The existence of a global holomorphic representative of 
/ G Qh{^) depends on i7 C C^. Actually, we know such representations for 
appropriate domains C C". 

2. If / G Qa{^), u; C M*^ then we conjuncture that it admits a global real 
analytic representative. 

It is proved in p£j that a holomorphic generalized function in an open set 
i7 C C is equal to zero if: 

/ It is equal to zero in every classical point of 17; 

// It takes zero values at all points of a subset S of a smooth curve 7 C 
with positive length measure, measS > 0. 

/// It takes zero values at all points of a subset A C 0, of positive Lebesgue 
measure, m{A) > 0. Clearly II I, and III I. 

The proofs of (i), (ii) and (iii) of part a) of the next theorem is a conse- 
quence of quoted results and the result of [7] and [22] , where it is proved that 
a (p— dimensional) holomorphic generalized function equals zero in 17 C C^, 
if it equals zero in an open subset of this set. Actually, the basic assertion 
which will be used, is that a generalized function equals zero if and only if 
it equals zero at every compactly supported generalized point [20] . 
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Although the first assertion in a) is the consequence of the second and 
third one, we will give proofs of all assertions. 

Theorem 3. a) Let 0, be an open set ofC^,p > 1 and f = [{fe)e] £ Giii^)- 
(i) Assume that f{x) = for every x €z 0, ({fe{x))e € N{Q)). Then 
f = 0. 

(a) Assume that S C F = 71 x • • • x 7^ C fi, where 'yi,i = l,...,p, 
are smooth curves in C, has the property meas{S) > 0, where meas is the 
product of length measures, and that f{x) = (in C) for every x ^ S. Then 
f = 0. 

(Hi) Assume that A is a Lebesgue measurable subset of 0,, such that its 
Lebesgue measure is positive (m{A) > 0) and that f{x) = for every x ^ A. 
Then f = 0. 

b) Let 00 be an open set o/M'^, d G N and f = [{fe)e] £ Ga{^)- 
If f{x) = for every x ^ A, where A d uj is a Lebesgue measurable set 
and has a positive Lebesgues measure, then / = 0. 

Proof, a) (i) We can assume that is simply connected; otherwise we 
have to consider every component of Vt separately. Denote by = -Bi x 
... X Bp the product of p balls in C with radius r > and center ti G C, 
i = 1, such that W CC O. Using the sheaf property for / S Qh{^), it is 
enough to prove that / = in and this is equivalent to show that f{z) = 
for every compactly supported generalized point z = {zi, Zp) S Wc- 

Let us note that z = {zi^...,Zp) is a compactly supported generalized 
point of Wc if and only if Zi is a compactly supported generalized point of 
Bi, for every i = 1, ■■■,P- 

Fix (si, Sp_i) G B{ti,r) x ... x B{tp^i,r) and consider a holomorphic 
generalized function 

9p{t) ■= f{si, ...,Sp-i,t), t e B{tp,r). 

By assumption, it is equal to zero for every t E B{tp,r). By [16j it is 
equal to zero in B{tp,r) and by [20], it is equal to zero in every compactly 
supported generalized point Zp £ {B{tp, r))c. Thus /(si, Sp-i, Zp) for every 
(si, Sp_i) G B{ti,r) X ... X B{tp^i,r) and every compactly supported Zp 
in B{tp,r). 

Now we fix points (Zi, lp-2) £ B{ti,r) x ... x i?(tp_2, r), Zp and consider 
a holomorphic generalized function 

9p-i{t) = f{h,-Jp-2,t,Zp), t e B{tp^i,r) 

with the representative 5p_i,e(t) = f{li,...,lp^2,t,Zp^e), t £ B{tp_i,r) By 
the same arguments, we have that gp_i(zp_i) = for every compactly sup- 
ported generalized point Zp^i £ {B{tp-i,r))c. Moreover, letting Zp to run 
over {B{tp,r))c and Zp-i to run over {B{tp^i,r))c, we have that 



f{li, ...,lp-2,Zp-i,Zp) = 0, (2;p_i,2;p) G (5(tp_i,r) x B{tp,r))c 
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for fixed but arbitrary li, lp^2- In this way we come to 

ai{t) = fit,Z2,:;Zp), teB{ti,r). 

It is equal to zero at every compactly supported generalized point of {B{ti,r)) 
and we conclude, that 

f{zi,...,Zp) = 0, {zi,...,Zp) G {B{ti,r) x ... x B{tp,r))c. 

This finishes the proof of (i). 

(ii) The proof will be done by induction on the dimension p. If p = 1, this 
is II given above. 

Suppose that the assertion is true for the dimension p — 1. Let us write 
z G CP as z = ^2), where z^ G C^-^ and z^ £ C. Let si, Sp he subsets 
of 7i, ...,7p, respectively, with positive one dimensional length measure such 
that (5^ X S"^) = ((si X ... X Sp_i) x Sp) C S and let Bi,...,Bp be one 
dimensional balls such that Si C Bi,i = l,...,p. and the product of balls is 
contained in Q. Fix z^ G S^. Then Qz^it) = f{z^,t),t G -Bi is a holomorphic 
generalized function such that 5^1 (t) = for every t £ si and by assertion 
II, g^i = 0. Thus, it holds for every z^ G and every compactly supported 
generalized point i G Bp. Now fix t a compactly supported point of Bp and 
consider fi{z^), z^ £ BiX ... x -Bp_i. By induction, we have that it is equal to 
zero at every compactly supported point of Bi x ... x This completes 

the proof that / is equal to zero at every compactly supported point of 
Bi X ... X Bp and we have / = in $7. 

(iii) Consider a polydisc A = Z^i x ... x Dp such that m{An A) > 0. Now 
using assertion III, as above, we have that / is equal to zero in A, hence in 

n. 

b) There exists a box / = /i x ... x c w such that m{A n /) > 0. Note 
Ii are curves in C. Consider now the holomorphic extension of / in J7 C C^, 
where n M*^ = /. Thus g{x) = for every x £ ACi I and this implies g = 
in (part (ii) of a)), hence / = in /. This completes the proof of part b). □ 



Theorem 4. Let f G <?'(w) and fe = f* G (0, 1) be its regularization 
by a net (p^ = ^(j){-/e),£ < 1, where {4>e)e is a net of mollifiers. Then 

singsupp J = singsupp g^[{fs)e], 

where on the left hand side is the analytic singular support of the distribution 
/• 

The proof is the consequence of the proof of Theorems [7] and [51 

Example 1 . We will construct a generalized function by a net of real analytic 
functions which is not a real analytic generalized function. 

Let fe{x) = cosh(t/£) ' ^ ^ ^ £ (0, 1). This net determines a generalized 
function f G ^(M) such that for every t G M, /(t) = in the sense of 
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generalized real numbers M but f ^ in ^(M). Moreover, f^^\t) = m M, 
for every t ^ 0. 

For every fixed e, f^ is real analytic, but there does not exist a common 
open set V around zero such that f^ are analytic in V for e < Eq. More 
precisely, this generalized function is not real analytic at zero. 

Note, by fe{z) — coshfz/e) ' ^ ^ ('^^ defined a moderate net in C \ 
{z; Qz = 0} and [{feiz))] = in C\{z;Qz = 0}. 

3. Analytic wave front set 
We will use the notation (p for the Fourier transformation J^{(f)){^) = 

Definition 2. Let lo be an open set in R*^. A sequence {un)n in Qc{^) will be 
called bounded if there exists a sequence of representatives {un,e)ej n £ N, 
such that 

CC w)(3m G M)(36 > 0) (3.1) 
suppK,,) CC A,eG (0,1] and sup (1 + |C|)-'"|5;re(e)l = 0(e"^)- 

The following lemma, related to a special sequence of smooth functions 
{nn)n is a consequence of [|T2] , Theorem 1.4.2. We will need the next two 
interpretations of such a sequence and we refer to |12j for the proof. 

Lemma 1. (i) Let K be a compact set ofW^, r > and = {x : d{x, K) < 
r}. There exist C > and a sequence of smooth functions {nn)n , such that: 

(a) Kn = 1 on K and supp(K„)ccAr for all n £ N, 

(b) sup,gi,.,|,|<„ \^,t\x)\ < C(Cn/r)l"l, n G N. 

(a) For every x £ to there exist open sets V, W, x £ W CC V CC to, and a 
sequence of functions {nn)n in ^(^) with the property Kn = ^ in W , n G N, 
and that for every a G N'^ there exists Ca > 0, such that 

14"+^^^)! < CaiCan)^, \P\ <n,n£N. 

We have the following characterization of analytic generalized functions. 

Theorem 5. Let xq £ uj C M'^. An f £ G{u!) is an analytic generalized 
function at xq if and only if there exist a bounded sequence {un)n in Qc{^) 
and B{xo,r) C uj such that the following two conditions hold: 

(i) Un = f in B{xo,r) for all n £ N; 

(ii) There exists a sequence of representatives {un,e)£ G £M,c{yj), n G N, 
which satisfies 

{3C > 0)(3a > 0)(3eo £ (0,1]) 
< + \i\)"'e-\i G M^O < e < eo,n G N. 
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Proof. Assume that / is analytic at xq. With the notation of Definition 
m let S = B{xo,X) for some A > 0. Using condition (iii) of Definition [U 
there exist r]i > 0,a > 0,eo G (0, 1) such that 

sup|/i")(x)| <r/i(r?i|a|)l"le-",0<e<eo,«eN'^. (3.2) 

Choose r = A/3 and take the sequence {Kn)n of Lemma [T] (i), associated 
to K = B(xo,r). Set Un,e = i^nfei^^ G N, £ G (0,1). Then Un^ei'n G N, e G 
(0, 1), define a sequence (itn)n in Qcil^) such that supp(u„_e) C B{xq, 2r) for 
n G N, e G (0, !]• We have (^ G R'^) 

uZei(.) = / e~'''-^Un,e{x)dx = / e''^'^ Kn{x)ge{x)dx. (3.3) 

JR'I J B{xo,2r) 

It follows that for e < Eq and ^ G M'^ 

|5;;;;;(^)| < mes (S(xo,2r)) sup |«:„(x)5e(x)|, n G N. 

x£B{xo,2r) 

Condition (6) of Lemma [1] (i) and (j3.2p with a = give a constant c > 
such that 

1^^(61 < ce"", ^ G M'^.O < e < eo,?^ e N. 
Thus (n„)„ is a bounded sequence in ^c('^) and obviously, = /, ''^ G N in 
B{xo,r). 

For a given n G N and |a| < n, we have nn°i = X]/3<a(/3)/e^'''*"* 

Using again (6) of Lemma [J (i) and (j3.2p we have that there exists r/ > 

such that 

sup \u^nl{x)\ < r]{r]n/r)^°'^£~"',n G N, |a| < n,0 < e < Eq. (3.4) 

Since C°'u^e{0 = lB{xo,2r) e""-^Un"i(a;)da;, we have, for ^ G M*^, 

< mes(5(xo,2r))r/(??n/r)l"le^",|a| <n,0<e<eo. 

This implies, with |q| = n, 

|Cr|SJ^(OI < mes(5(xo,2r))r?(r/n/r)"e-",^ G M'^,n G N,0 < e < eo- 

It follows that there exists C > such that 

(1 + mr\y^em < (Cn)"e~^e G M^n G N,0 < ^ < £0- 

Conversely, assume that the sequence {un)n in Theorem 5 exists. Then for 
E < Eq and X G B{xo, r) we have 

ng(x) = {27T)-'' [ e"-«r5;r.(e)de, l«l < n. 

For a given a we choose n = |a| + + 1 and get 

\ui"l{x)\ < (2vr)-'^(Cn)"e-'^ / |ri(l + |C|)-"de,x G B(xo,r),e < eo- 
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We have /^^ 1^1(1 + < 4^(1 + l^l)""'"^^? < oo. It follows that 

there exists a constant Ci such that (with n = \a\ + d + 1) 

|ng(rE)| < (Ci|a|)He-'^,x e B{xo,r),e < Sq. 

Now, since fe = Un,£\^^Q, the proof of the proposition is completed. □ 

Theorem [5] leads to the following definition. 

Definition 3. Let / G G{uj). Then, the analytic wave front set of /, 
WFga{f), is the closed subset of u; x M" \ {0} whose complement consists of 
points (a^C'^o) G w x M"" \ {0} satisfying the following conditions: 

There exist B(xo,r), an open conic neighborhood T of ^-nd a bounded 
sequence (n„)„ in Gd'-^) such that Un = /, in B{xq, r), n G N, with a sequence 
of representatives {un,e)e,n £ with the property 

(3a > 0)(3eo G (0,1])(3C > 0) 

< (Cn)"(l + e G r,0 < e < eo,n G N. 

By the use of sequence {K,n)n of Lemma [H in the same way as in [12j, 
Lemma 8.4.4, one can show that the next definition is equivalent to the 
previous one. 

Definition 4. Let / G ^(w) and (xo,Co) G w x M"* \ {0}. Then, it is said 
that / is (7— microanalytic at this point if: 

There exist neighborhoods W and V and a sequence (k„)„ as in 

Lemma [H (ii); 

There exists a cone T^^ around ^q; 
There exist a > 0, C > and eo, 
such that 

^ , r'^ 

Kfem < Ce-^—r-r, n G N, e G r, e G (0,eo). (3.5) 
1 + 141 

Then, the analytic wave front set, WF gaf is the complement of the set of 
points where / is ^(-microanalytic. 

Recall ([B]), T G T>'{uj) and / = [(/e)e] G G{oj) are strongly associated if 
for every K CC Q. there exists a > such that |(T - fe,0)\ = 0{e''),e 0, 
for every 6 G V{uj) with supp6' C K. \i \{T - fe,9)\ ^ 0,e ^ 0, then 
T G V'{uj) and / = [(A)^] are associated ([4]). 

Also recall that a distribution / G T^'{ijj) is microanalytic at {xq,^,q) G 
w X M'^ \ {0} if ([33]) holds for / = on the left-hand side and a = on the 
right-hand side. 

The next example serves as a good motivation for Theorem |6l 

Example 2. Let ip G I?(M) equal one in the unit hall and let ip be its inverse 
Fourier transform. Define ge{x) = \ loge|V'(2;| loge|),x G M, e < 1. This net 
determines a real analytic generalized function in R. To prove this, one has 
to use the inequality |e(loge)"| < e~"n"',e < 1, in order to estimate l^i"^]. 
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This analytic generalized is associated to the 5 distribution, thus not to 
an analytic distribution. 

Moreover, if we start with a compactly supported distribution T and con- 
sider T^i^x) = r * I loge|V'(a;| loge|),x S M, e < 1, we obtain a real analytic 
generalized function [{T^)^:]. It is associated to T but not strongly associated 
to T. 

Theorem 6. Let f = [{fe)e] ^ be g—microanalytic at (xo,^o) G w x 

M'^\{0} and letT e V{V) be strongly associated to f\y, where V is an open 
neighborhood of xq, V C lo. Then T is microanalytic at (xo,Co)- 

Proof. We will assume that eq = 1 in ()3.5p . Moreover, put /e = 0, e > 1. 
Then ()3.5p holds for e > 0. This simple remark will be important in the 
proof. 

Assume that equals one in W and that it is supported by F, n G N (cf. 
Lemma [T] (ii)). Since {KnT)n is a bounded sequence in S'iV) we know that 
it is bounded in the Banach space {C^{Vi))', where to D Vi D V, iov k ^ N 
which is equal to the order of T (see Lemma 8.4.4 in [12j). Thus we have 
that there exists M > such that 

\{T,p)\<M sup \p'^°'\x)\. (3.6) 

\a\<k,xS:Vi 

By the strong association, there exists a > such that \{T — fs,9)\ = 
0(e"), e for every 9 G V{Vi). Let a = b + c,b,c> 0. We have that 

n,e = e-\T -fe)^0 in V'iVi) as e ^ 

and thus T^^^ ^ in {C^{Vi)y, as £ ^ 0, for some /c G N. We assume 
that this is the same k as in (13. 6[) . By the Banach-Steinhaus theorem, 
{Tb^, e G (0, 1)} is bounded in (C^(Fi))' and there exists M > such that 
for every p G C^{Vi) 

\{T-f„p)\<Me'' sup |p(")(x)|,e< 1 (3.7) 

\a\<k,x£Vi 

Let us write ()3.6p in the form 

\{T,p)\<Me'' sup |/9(")(x)|,e > L (3.8) 

\a\<k,xGVi 

Since \kI^^\ < C(Cn)l"l, \a\ < n (Lemma [T] (ii)), we have, for e < I, 
\Kn(T^fem\ < Me' sup | (k„ (x)e-"«) ^ | 

la|<fc,a;GVi 

and 

1^(01 < Mm + Ce\Cn)''{l + Id)', e G M.". 
By (j3.5p . we have 

1^(01 < C{Cnni + iCD-^e-'^ + Ce\Cn)Hl + |C|)', C G r,£ < L 
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Now put 

e = C^i/''(Cn)-^-/y/^(l + 1^1 e G r,p G N,n G N. (3.9) 

We will consider separately two possible cases, when such defined e satisfies 
e < 1 and e > 1. If e < 1, we continue, 

Put n = p{a/b + 1) + ka/b. Then n"- /ppC^+a/b) < f^^. suitable r > and 
with the new constants C and p so that e < 1 in (13. 9p . we have 



ISd+a/^+fca^^lOl ^ C7(Cp)P(l + G r. 

Thus, putting ipp = Kpi^i+a/b)+ka/b for those p for which e < 1 in ()3.9p . we 
obtain 

IVvT(OI <c(Cpf(i + |eir,eGr. (3.10) 

Now we will consider those p and n = p{a/b + 1) + ka/b for which e > 1 
in (j3.9p . Now consider (j3.8p . We have immediately that (j3.10p holds. This 
completes the proof. □ 

The next theorem corresponds to Hormander's Theorem 8.4.5 in [12], and 
it is already proved in p!7] . In fact in [T7] is considered the wave front which 
corresponds to a general sequence (Lfe); in our case = k. We just quote 
it here. 

Theorem 7. Let f G G{^). Then pri WF gaf = singsupp g^f. 

Now we will compare the wave front set for an / in £'{io) and the wave 
front of the corresponding generalized function. 

Theorem 8. Let f G £'{i^) and fe = f * (peluj, £ G (0, 1). (It is a represen- 
tative of embedded distribution; {4'e)e is a net of mollifiers described in the 
introduction). Put F = [(/e)^]. Then 

WFaf= WFgaF, 

where on the left side is the analytic wave front set of the distribution f . 

Proof. Since / and F are strongly associated, previous theorem implies 
that WFgaF D WFaf- We will show the opposite inclusion by showing that 
there exists a representative {ge)e of F with the property: If / is microana- 
lytic at (xo,Co)) then 

Cn 

li^em < Ce-^i-^^^r, e G r, e G (0,eo), nGn. (3.11) 

Let h he a nonnegative function of V(M.'^) such that it is equal one in the 
ball B{0, 1) and which is supported by B{0, 2). Let 

ipeix) = h{e-'^/'^x)(l)eix),x G M"', £ G (0, 1). 

We will prove later the following lemma. 



14 S. PILIPOVIC, D. SCARPALEZOS, V. VALMORIN 

Lemma 2. For every k,a G N'^ and every a > 

sup 1x^^(4"^ (x) - 4"^(x))| = 0(e'^). 

Thus, by this lemma, {ge)e = if * '^e)e is also a representative of /. We 
will show that (j3.1ip holds for this net. 
Let ( 

i^n)n and be sequences with the properties of Lemma [T] (ii). 

so that K„(x) = l,x EsuppK„+rf+i, n G N. By the estimate of Lemma [U we 
have that there exists M > which does not depend on n such that 

/ |K-;:r^i(t)|(l + |t|r(it <M,nGN. 

There exists S (0, 1) such that 

Thus, by Peetre's inequality, for e G (0,eo), 

{Kr^^^^QeiOl < / I /Cfd+l " i)//in (i)^/'(et) 

<MC{Cnr ( \>^,{tm+\i-t\)--dt<^^^^ ( \K';;^,{tm+\t\Tdt. 

jRd (1 + I? I J Jr'' 

This completes the proof of the theorem. □ 

Proof of Lemma [2j Put = (p^ — tpsjE < Eq. Note that Se(x) = if 
|x| < e^/^,e < eq. 

Let k,a gNq and |x| > e^/^, e < eq- We have 

|x'^4"^(x)| < |x|l'=l Yj I(1-^(£"^^^2;))(^)|4t)(x)| 
<C|x|l'=l ^ c^,^£-^/Vl^l+'^|,/.(^)(x/e)| 

< C7|x|l'=le-l°l-'^sup|(/)(^)(x/e)|. 

(recall again, defines a net of mollifiers {(j)s)e-) Put n = x/e. The last 
expression becomes 

^\k\-{d+H) sup \uf\\^(y\u)\,\u\ > e-^/\e < Eo. 

7<o 

Since 4> G 5(M'^), for every m, a G N"^, there exists Cma > such that 
which implies 

<Ce-2Hj^| >^-i/2^g^g^^ 

Thus we have 

|x'^4"^(x)| <el^l-(^+l"l)+l™lj^| >ei/2 
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and choosing enough large m, we have that the right hand side is equal to 
0(e") for every o > 0. This finishes the proof of lemma. 

4. S-ANALYTIC GENERALIZED FUNCTIONS 

S-analytic generalized functions are introduced in [2] through the Taylor 
expansions in the sharp topology of C C. Actually, in [2] such generalized 
functions are called "analytic" but since this definition leads to a quite 
different algebra of generalized functions, we will call them S-analytic, in 
order to avoid the confusion. 

Here we will consider the corresponding definitions for C M'^ (if (i = 2p, 
we use notation = M"^) and we will distinguish the cases C and 
w C M'^. 

We reformulate the definition of S-analyticity of [2]. 

Definition 5. ([2]) Let w C M'' (resp., n C C^) be open and sq £ ujc, (resp.. 
So £ ^c)- Then / : u; — > C is S-real analytic at sq (resp., S-holomorphic 
at So) if there exist a sequence G C, n S Ng and a series of the form 
Yl'\^\=o^n{s — So)" which converges in a neighborhood V (resp., W) of so 

in u) in the sense of sharp topology of u) (resp., in 0, in the sense of sharp 
topology of Q) such that 

oo 

/(s) = ^ a„(s - so)", seV, { resp., s G W). (4.12) 

|n|=0 

( (s - So)" = (si - so,i)"^..(sd - so,d)"<*.) Actually, we will use KUh with 
a representative {fs)e and |se — so,e| = 0{e^^'^^') (cf. the definition of the 
ball B{so,r).) It is said that / is S-real analytic in uj (resp., S-holomorphic 
in f2) if / is S-real analytic in sq (resp., S-holomorphic in so) for all so G uic 
(resp.. So G ^c)- We denote by GsAi^) (resp., Gsh{^)) the algebra of S- 
real-analytic (resp., S-holomorphic) generalized functions. 

QsAi^), (resp., Qsni^)) is a differential subalgebra of ^(cj) (resp., ^(i7)). 

Recall, a series J2n converges in an ultrametric space if and only if its 
general therm a„ tends to zero as n ^ cxd. 

In the complex case, the sets of of S-holomorphic and holomorphic gener- 
alized functions coincide. Thus we extend the result of [2] where it is proved 
in the one dimensional case that if / is holomorphic and sub-linear then / 
is S-holomorphic. 

Theorem 9. Let 17 be an open set in and f G G{0,). Then f is holo- 
morphic in Q iff f is S-holomorphic in Q. 

Proof. If [(/e)e] is 5— holomorphic, then (as it is proved in [2j) derivatives 
can be made on the series (j4.12p (for f^) term by term which gives df = 0. 
Conversely, if 9/ = and so = [(so£)£] G ilc, then by the Cauchy formula. 
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for every a E Nq, we obtain bounds of the form 

|/i°^(se)| < Cr?l°lQ!e-^e < eq, for some a > 0, 

for s in a sharp neighborhood of sq. It follows that the corresponding Taylor 
series, expressed in terms of z and z converges in the sharp topology, since 
terms of dfs involving z are all equal to zero. Thus, / is S'-analytic. □ 

Now we extend the notion of sub-linearity of [2] in the d— dimensional case. 

Definition 6. ([2]) An / G Q{io) is sub-linear in an open set w C M'^ if there 
exists a representative (/e)^ of / with the following property: For every 
X G Coc there exist its representative of x, /c S M and a sequence {pn)n 
in M such that 

lim {pn + kn) = oo and \ f'^'^\xe)\ = 0(e*'"), \a\ =n,n e Nq. 

Note if the conditions of this definition hold for some representatives of 
/ and X, then they hold for any representatives of / and x. 

The set of all sub-linear functions is a C-subalgebra of G{uj) and G°°{uj) 
is its subalgebra. 

Let / € £'{uj) and [{f * be the corresponding (embedded) general- 

ized function. Then it is a sub-linear generalized function. The same holds 
for / G V'{oj). 

Theorem 10. a) Let U be an open set in and f € Q{^). 
Let f be S-holomorphic in Q,. Then f is sub-linear in Q C M?^. 
b) Let u) be an open set in M.'^, and f E G{uj). 

1. If f is S-real analytic then it is sub-linear. 

2. If f is real analytic, then f is S-real analytic. 

3. IfT G £'{oj)., then [{T * c?!)^)^] G Q{^) is S-real analytic. 

In particular, every element ofQ°^{u;) is S-real analytic but not necessarily 
real analytic. 

Proof, a) This result, in case of C, is proved in [2]. Let zq = [{zq^^)^] be 
a compactly supported generalized point. Since \d"f{zQ){z — zo)°/o!| — ^ 
as |a| — > oo, if z belongs to a (sharp) neighborhood of zq, one derives the 
sub-linearity at zq. 

b) The proof of 1. is the same as for holomorphic generalized functions. 
Concerning 2., it comes from the remark that GAi^^) C G°°{uj) and 3. So let 
us prove 3. 

3. Let a point x G tDc be supported by uj" CC u, and u" CC to' CC io. 
By T * (pi^^ = (T * </>£)("\ we have that there exists A; > such that 

sup |T * 4"^(t)| = ©(e-'^-l"!), a G N'^. 
teiu" 

With 
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we have 0^,2 = 0{e ^ '"'). Consider the ball B(x,r) so that — Inr = k + 2 
(|y£ — Xe\ < e'^'^'^). Thus, for y G B{x,r), a„|?/ — x|l"l converges to zero in 
the sense of sharp topology as |n| — 00 and 

m = ^ a„(y - xr, {\y, - x,\ < e''+^), 

n 

converges. Hence / is an S-analytic generalized function. 
The proof of the particular case is omitted. 

In general, we can conclude that an S-analytic generalized function can 
be irregular while an analytic generalized function is very regular. 
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